The neighbourhood heterochromatic number nh c (G) of a non-empty graph G is the smallest integer l such that for every colouring of G with exactly l colours, G contains a vertex all of whose neighbours have different colours. We prove that lim n→∞ (nh c (G n ) − 1)/|V (G n )| = 1 for any connected graph G with at least two vertices. We also give upper and lower bounds for the neighbourhood heterochromatic number of the 2 n -dimensional hypercube.
Introduction
A colouring of a graph or hypergraph H is a function c of the set of vertices V (H ) of H onto a set of colours C. We represent sets of colours by sets of natural numbers or by sets of ordered pairs of natural numbers.
The heterochromatic number h c (H ) of a non-empty hypergraph H was introduced in [2] , and is defined as the smallest integer k such that for every colouring of H with k colours, there is a hyperedge of H all of whose vertices have different colours. There, the authors study the minimum number of hyperedges in a k-uniform hypergraph H with n k vertices such that h c (H ) = k.
For a hypergraph H, h c (H ) − 1 is the maximum number of colours in a colouring of H such that each hyperedge of H contains at least two vertices with the same colour.
A mixed hypergraph is a hypergraph H together with a partition (A, E) of its edge set. The upper chromatic number (H ) of H, introduced in [7] , is the maximum number of colours in a vertex colouring of H such that each hyperedge in A has at least two vertices with the same colour and each hyperedge in E has at least two vertices with different colours. If a mixed hypergraph H = (V (H ), A ∪ E) is such that E is the empty set, then (H ) = h c (H ) − 1. See [8] for a comprehensive study of hypergraph colourings.
Let n be a positive integer and G a graph with at most n vertices. The anti-Ramsey number AR(n, G), defined in [5] , is the maximum number of colours in any edge colouring of the complete graph K n such that no subgraph of K n isomorphic to G has all its edges coloured with different colours. Anti-Ramsey numbers have been investigated extensively, see also [1, 4, 6] . Recently, Axenovich [3] studied anti-Ramsey problems concerning vertex colourings of graphs.
Heterochromatic and anti-Ramsey numbers can be related as follows: for any positive integer n and any graph G with at most n vertices, let H (n, G) be the hypergraph in which the vertices are the edges of the complete graph K n , and a set of edges A of K n form a hyperedge of H (n, G) if and only if A is the set of edges of a subgraph of K n isomorphic to G. Clearly AR(n, G) = h c (H (n, G)) − 1.
In this article we study the heterochromatic number of a class of hypergraphs obtained from graphs in the following way: for a graph G let H G be the hypergraph with vertex set V (H G ) = V (G) in which a set A of vertices form a hyperedge if and only if A is the set of neighbours of some vertex u of G.
Let c be a vertex colouring of a graph G. A set U of vertices of G is heterochromatic if c assigns different colours to different vertices of U. The neighbourhood heterochromatic number nh c (G) of a non-empty graph G is the smallest integer l such that for every colouring of G with l colours, G contains a vertex whose neighbourhood is heterochromatic. Evidently nh c (G) = h c (H G ) for any graph G with at least one edge.
For a graph G, let G 1 = G and for n 2 let G n = G G n−1 , where the product G F of two graphs is the graph with vertex set V (G) × V (F ) in which two vertices (u 1 , v 1 ) and (u 2 , v 2 ) are adjacent if and only if either u 1 = u 2 and
In Section 3 we prove that lim n→∞ (nh(G n ) − 1)/ (G n ) = 1 for any connected graph G with at least two vertices and in Section 4 we show that for any positive integer n, 2 2 n − 2 2 n −n+1 + 2 2 n−1 −n+1 nh(Q 2 n ) − 1 2 2 n − 2 2 n −n , where Q 2 n is the 2 n -dimensional hypercube.
Finally, we conjecture that the exact value of nh(Q 2 n ) − 1 is 2 2 n − 2 2 n −n+1 + 2 2 n−1 −n+1 for each integer n 1 and prove that the conjecture is true if the colourings are such that for each colour , no vertex of Q 2 n is adjacent to more than two vertices with colour .
Preliminaries
Let G be a graph with minimum degree at least 2. A double neighbourhood transversal of G is a set of vertices T of G such that each vertex of G is adjacent to at least two vertices in T. A segmentation of a double neighbourhood transversal T of G is a partition S = {S 1 , S 2 , . . . , S s } of T such that each vertex of G is adjacent to at least two vertices in some set S i , i = 1, 2, . . . , s.
A free colouring of a graph G is colouring of G free of heterochromatic neighbourhoods, that is, a colouring of V (G) such that each vertex of G is adjacent to at least two vertices with the same colour.
Proposition 1. Let G be a graph with vertices and let k be a positive integer. G admits a free colouring with k colours if and only if G has a double neighbourhood transversal T and a segmentation S of T such that k = − |T | + |S|.
Proof. Let c be a free colouring of G with k colours. Denote by S 1 , S 2 , . . . , S s the colour classes of c which contain at least two vertices and let
The set T is a double neighbourhood transversal of G because every vertex of G is adjacent to at least two vertices with the same colour, clearly S = {S 1 , S 2 , . . . , S s } is a segmentation of T .
Since each vertex of G not in T has a colour not assigned to any other vertex of
Conversely, let L be a double neighbourhood transversal of G with vertices and
. . , u − } and define a colouring c of G with k = − + colours as follows:
Let w be a vertex of G. Since L is a double neighbourhood transversal of G, there are two vertices x and y in L which are adjacent to w in G. Moreover, x and y lie in the same segment of L, say segment M j . Since c(x) = c(y) = − + j , c is a free colouring of G.
For any graph G with minimum degree at least 2, let (G) be the largest integer k such that G admits a free colouring with k colours. Clearly (G) = nh(G) − 1.
Lemma 2. Let G be a graph with vertices and minimum degree at least 2. For any positive integer n, (G n+1 )
(G n ).
We define a colouring c n+1 :
Since c n is a free colouring of G n , there are vertices z 1 , z 2 ∈ V (G n ) which are adjacent to y in G n and such that c n (
By the choice of c n+1 , c n+1 ((u j , z 1 )) = c n+1 ((u j , z 2 ) ), therefore c n+1 is a free colouring of G n+1 .
General graphs
The following lemma is the key tool in the proof of our main result for general graphs.
Lemma 3. Let G be a bipartite graph with minimum degree at least 2.
there is a segmentation of T i which contains exactly 2 2 k −k segments.
We proceed by induction assuming that for an integer t 0, there is a partition t = {T 0 , T 1 , . . . ,
Consider the graph G 2 t+1 and for r = 0, 1, . . .
where index addition is modulo 2 t . Fix r ∈ {0, 1, . . . , 2 t − 1} and let
Since t is a partition of V (G 2 t ), there is an integer i ∈ {0, 1, . . . , 2 t − 1} such that u ∈ T i . Since T i+r is a double neighbourhood transversal of G 2 t , there are two vertices z 1 , z 2 ∈ T i+r which are adjacent to v in G 2 t . Clearly (u, z 1 ) and (u, z 2 ) are adjacent to (u, v) 
Analogously, there is an integer j ∈ {0, 1, . . . , 2 t − 1} such that v ∈ T j +r and there are vertices z 3 , z 4 ∈ T j which are adjacent to u in G 2 t . Evidently (z 3 , v) and
In both cases (u, v) is adjacent to two vertices in L r and to two vertices in M r . Therefore L r and M r are double neighbourhood transversals of G 2 t+1 .
Notice that 
where I = {0, 1, . . . , 2 t − 1} and J = {1, 2, . . . , 2 2 t −t−1 }.
Moreover, since p is a segmentation of T p for p = 0, 1, . . . , 2 t − 1, each of the sets A
i+r , with i ∈ I and j 1 , j 2 ∈ J , is a segment of L r . Therefore L r admits a segmentation with exactly 2(2 t )(
Analogously, M r has exactly 2 2 t+1 −(t+1) segments for r = 0, 1, . . . , 2 t − 1.
Theorem 4. If G is a bipartite graph with minimum degree at least 2, then
Proof. By Lemma 2, (G m+1 ) (G m ) for each positive integer m. Therefore it is sufficient to prove that
For k 0 let T * k be a double neighbourhood transversal of G 2 k with the smallest possible number of elements, by Lemma 3
Since (G 2 k ) (G 2 k ), the result follows.
Theorem 5. For any connected graph F with at least two vertices,
Proof. Let F be any connected graph with at least two vertices and T be a spanning tree of F. Clearly G = T 2 is a bipartite graph with minimum degree at least 2. By Theorem 4
Again by Lemma 2, this is sufficient to prove
Hypercubes
For any positive integer m, we denote by Q m the m-dimensional hypercube.
Theorem 6.
For any integer n 1,
Proof. By Lemma 3, for each positive integer n,
contains a double neighbourhood transversal T n with at most (Q 2 n )/2 n−1 = 2 2 n /2 n−1 = 2 2 n −n+1 vertices and with 2 2 n−1 −n+1 segments. By Proposition 1
Let c n be a free colouring of Q 2 n with (Q 2 n ) colours. By Proposition 1 there is a double neighbourhood transversal T n of Q 2 n and a segmentation S n of T n such that:
Notice that |T n | 2 2 n +1 /2 n = 2 2 n −n+1 because each vertex of Q 2 n is adjacent to at least two vertices in T n and each vertex in T n has degree 2 n . Without loss of generality we may assume that each segment of T n has at least 2 vertices; this implies |S n | |T n |/2. Therefore
Conjecture 7.
For any positive integer n,
We now consider a particular class of colourings for which our conjecture holds. A 2-free colouring of a graph G is a free colouring of G such that for each colour , no vertex of G is adjacent to more than two vertices with colour .
For any integer n 1, let (Q 2 n ) be the largest integer k such that Q 2 n admits a 2-free colouring with k colours. A set U of vertices of Q 2 n is a good set if no vertex of Q 2 n is adjacent to more than two vertices in U. A segmentation S = {S 1 , S 2 , . . . , S s } of a double neighbourhood transversal T of Q 2 n is a good segmentation of T if every set in S is a good set. The proof of the following proposition is similar to that of Proposition 1.
Proposition 8. Let G be a graph with vertices and let k be a positive integer. G admits a 2-free colouring with k colours if and only if G has a double neighbourhood transversal T and a good segmentation S of T such that
Let u ∈ U 0 and v 1 and v 2 be vertices in U 1 . If u is adjacent to v 1 and v 2 , then u is adjacent to v 1 and v 2 and to u. This is not possible since u, v 1 and v 2 lie in U which is a good set; therefore
where the last inequality can be proved by a simple differential calculus argument concerning the function f :
Theorem 10. For any positive integer n,
Proof. Let n and k be integers with n − 1 = k 0. Follow the proof of Lemma 3 with G = Q 2 to obtain the partition
We claim that each segment of each transversal in k is a good set. This is due to the inductive construction of k from the double neighbourhood transversal X 0 ∪ Y 0 of G = Q 2 which, in this case, consists of two sets with two vertices each.
As above Q 2 n has a double neighbourhood transversal T with at most (Q 2 n )/2 n−1 = 2 2 n /2 n−1 = 2 2 n −n+1 vertices and a good segmentation S of T with 2 2 n−1 −n+1 segments. By Proposition 8, Q 2 n admits a 2-free colouring with
colours. Therefore (Q 2 n ) 2 2 n − 2 2 n −n+1 + 2 2 n−1 −n+1 .
For any positive integers r and n let a r = a(r, n) = max{|N By Lemma 9, a r r(min{2 n−1 , log r}). Let c be a 2-free colouring of Q 2 n with k colours and, for r = 1, 2, . . . , 2 2 n , let x r (c) be the number of colour classes with exactly r vertices. Clearly It can be seen that the maximum value is attained at the point x * = (x * 1 , x * 2 , . . . , x * 2 2 n ) given by x * 1 = 2 2 n − 2 2 n −n+1 , x * 2 2 n−1 = 2 2 n−1 −n+1 and x * r = 0 for r = 1, 2 2 n−1 . Therefore (Q 2 n ) x * 1 + x * 2 + · · · + x * 2 2 n = 2 2 n − 2 2 n −n+1 + 2 2 n−1 −n+1 .
